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Abstract— Stability and stabilization analysis of fractional-order linear time-invariant (FO-LTI) 
systems with different derivative orders is studied in this paper. First, by using an appropriate 
linear matrix function, a single-order equivalent system for the given different-order system is 
introduced by which a new stability condition is obtained that is easier to check in practice than 
the conditions known up to now. Then the stabilization problem of fractional-order linear systems 
with different fractional orders via a dynamic output feedback controller with a predetermined 
order is investigated, utilizing the proposed stability criterion. The proposed stability and 
stabilization theorems are applicable to FO-LTI systems with different fractional orders in one or 
both of       and       intervals. Eventually, some numerical examples are presented to 
confirm the obtained analytical results. 
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I. INTRODUCTION 
Recently, study of applications of fractional calculus in the modeling and control of various real-world 
systems  have attracted increasing interest [1–6]. This is mainly due to the fact that fractional-order 
models can more precisely describe systems having responses with anomalous dynamics and long 
memory transients. Accordingly, controller-designing methods for systems modeled by fractional-order 
dynamics are of great interest. Utilizing fractional-order controllers is a proper method for controlling 
such systems, because of their high performance and robustness [7-9]. In this paper, we are particularly 
concerned with fractional-order linear time-invariant (LTI) systems with different orders. This kind of 
system representation is used to analyze linear electrical circuits composed of resistors, 
supercondensators (ultracapacitors), coils, and voltage (current) sources [10], and formulate the problem 
of model reference adaptive control of fractional-order systems presented in [11]. Moreover, relaxation 
processes, viscoelastic materials models, and diffusion phenomena can be easily modeled by multi-order 
fractional differential equations [12]. In [2, 13, 14] non-integer order of the proposed controllers are 
different from the plant orders, which results in multi-order closed-loop systems. 
The stability of fractional-order feedback systems was investigated in [15], by adapting classical root 
locus plot analysis to some viscoelastic structures. In [16], the asymptotic stability of fractional-order 
linear systems with delayed entry and delayed state was ensured by designing a sliding mode control. 
Stability of FO-LTI systems with commensurate different fractional orders is addressed in [17], using its 
characteristic equation. In addition, multi-term fractional differential equations such as Bagley–Torvik 
and Basset equations were discussed in [18], where the solution is proposed under the assumption that 
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fractional derivatives are rational numbers. Furthermore, stabilization of uncertain multi-order fractional 
systems with fractional orders       is investigated in [19] using extended state observer. 
The utilization of linear matrix inequality (LMI)-based methods has been increased by the evolution of 
efficient numerical procedures to solve convex optimization problems [20–26] defined by LMI 
conditions. Appropriate LMI conditions for asymptotic stability analysis of FO-LTI systems with 
fractional orders in       and       intervals are presented in [27] and [28], respectively. The 
problem of pseudo-state feedback stabilization of fractional-order systems is presented in [28]. Necessary 
and sufficient conditions for the stability and stabilization of fractional-order interval systems is 
addressed in [29].  
State feedback controller is utilized in the most of mentioned studies, in which all individual states are 
needed. However, in some cases measuring all states is impossible due to economic issues or physical 
limitations, where using output feedback control seems to be effective [20]. Moreover, it should be noted 
that dynamic controllers are superior to the static ones because of their more performance efficiency and 
degrees of freedom in achieving control objectives [30]. A large number of controller design procedures 
lead to high-order controllers with expensive implementation, undesirable reliability, maintenance 
difficulties, and potential numerical errors. Therefore, designing a controller with a low and fixed order, 
chosen by the designer according to the requirements of the problem, is an efficient solution to this 
problem [20]. 
Motivated by the above discussion, the main contributions of the paper are two-fold. First, using an 
appropriate linear matrix function, we introduce an equivalent system for the given commensurate- 
different-order system, by which a new stability condition is derived that is easier to check in practice 
comparing to the condition known so far. The presented equivalent system is single-order, in the sense 
that the order of non-integer derivatives of the system is the same for all pseudo-states. Second, the 
stabilization problem of fractional-order linear systems with different fractional orders through a dynamic 
output feedback controller with a predetermined order is investigated based on the proposed stability 
theorem. As far as we know, there is no result on the analytical design of a stabilizing dynamic output 
feedback controller for fractional-order systems with different orders in the literature. 
The rest of this paper is organized as follows. In section II, some preliminary concepts, lemmas, and 
definitions are included. Problem formulation is presented in section III. Section IV is devoted to the 
main results of the paper where a single-order equivalent system for the given different-order system is 
presented, a new stability condition is investigated for such systems, and the stabilization analysis of 
fractional-order systems with different orders is addressed. Some numerical examples are provided in 
Section V to illustrate the efficiency and validity of the proposed method. Eventually, section VI draws 
the conclusion. 
Notation: Throughout the paper   is the symbol of pseudo inverse and    (            ) stands for 
the greatest common divisor of n-tuple (            ).      and      represent the  -th row and  -th 
column of matrix  , respectively. Moreover,   is a matrix, of suitable dimensions, with all its entries set 
to zero and   denotes the imaginary unit. By   ,  ̅ and   , we denote the transpose, the conjugate, and 
the transpose conjugate of  , resepectively. Function space   ,   - is the space of functions  , having 
continuous  -th derivative. Furthermore, symbols  ,  ,  , respectively stand for natural number, real 
number, and complex number set. By ⌈ ⌉, ⌊ ⌋, and  ( ) ceiling function, floor function, and  -th derivative 
of   are represented. 
II. PRELIMINARIES 
In this section, some basic concepts of fractional-order calculus and useful definitions and lemmas are 
presented. 
The following Caputo fractional derivative definition is adopted throughout this paper, due to its 
integer–order initial value that makes it applicable to physical systems.  
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where  ( ) is Gamma function defined by  ( )   
 
 
          and  is the smallest integer that is equal 
to or greater than  . In the sequel, wherever the notation    is used, the Caputo fractional derivative 
operator   
 
 
  is meant. 
For the proofs of the theorems in this paper, we will use the following lemmas. 
Lemma 1 [18]. Let      ,   - for some     and some    . Moreover, let       be such that 
there exists some     with     and       ,     -. Then 
  
 
 
   
 
 
     
 
 
     
 
(1) 
Lemma 2 [18]. Let    ,     and   ⌈ ⌉. Moreover, assume that     ,   -. Then,   
   
   
  ,   - and   
   
  ( )   . 
Lemma 3 [31]. Commensurate system    ( )    ( ) is stable if the following conditions are 
satisfied 
|   (   ( ))|      ,
 
(2) 
for all eigenvalues    ( ) of the matrix  . 
Lemma 4 [28]. Let       ,       and   (   )   . The fractional-order system    ( )  
  ( ) is asymptotically stable if and only if there exists a positive definite Hermitian matrix      
 ,        such that 
(    ̅ ̅)     (    ̅ ̅)   ,
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where        
Definition 1. For any square matrix    (   )   
    and the set              the linear matrix 
function   is defined as follows: 
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(4) 
in which           with       (  ). 
III. PROBLEM FORMULATION  
Consider the following FO-LTI system 
[
     ( )
 
     ( )
]    ( )    ( )                   
 ( )    ( )  
(5) 
subject to the initial conditions 
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/
 
          ⌊  ⌋,
 
(6) 
in which   (       )     denotes the pseudo-state vector,              are the 
different fractional orders of the system,      is the control input, and      is the output vector. 
Furthermore,   (   )   
   ,   (   )   
   , and   (   )   
    are known constant 
matrices with appropriate dimensions. 
Defining       (  ),           , and    
   
 
          , one can obtain the following 
equivalent pseudo-state space system 
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and initial conditions are as follows 
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(10) 
and   is easily obtained using the linear matrix function F in Definition 1, as follows 
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(11) 
also we have 
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(12) 
where    ,    , and     are submatrices in the  -th row and  -th column of  partitioned matrices  ,  , 
and  . 
IV. MAIN RESULTS 
In this section, first, an equivalent single-order system for the given different-order system (5) is 
derived using the matrix function (4). Then, utilizing the equivalent system, a new stability condition is 
derived for system (5) and an LMI approach is proposed for designing a dynamic output feedback control 
law to stabilize the fractional-order system (5), using the stabilizing controller parameters of  system (7). 
A. Equivalency 
First, equivalency of systems (5) and (7) is proved in the following theorem. 
Theorem 1. Consider the fractional-order linear system (5). Defining    to be the greatest common 
divisor of   s, the FO-LTI systems (5) and (7) subject to the initial conditions  ( ) and  ( ) are 
equivalent in the following sense: 
1. Whenever  , defined in (7) and (8), with        
⌈  ⌉,   - for some       is the pseudo-state of 
the FO-LTI system (7),   is the pseudo-state of (5). 
  
 
2. Whenever   is the pseudo-state of (5),  , defined in (7) and (8), is the pseudo-state of the FO-LTI 
system (7). 
Proof. In the case that all fractional derivatives of FO-LTI system (5) are equal, we have      
      which brings about the equality of systems (5) and (7). Therefore, from now on we assume that 
at least one of the   s is different from the others. As a result we have       . 
In order to prove the first claim, we have to assume that 
  (                         )
 
 is the pseudo-state vector of system (7), 
and we define       ,        . Since     , by a repeated application of Lemma 1 combined with 
(9), we obtain 
       
         , 
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(13) 
According to the rows of   and , which are made from   and   rows respectively, and the fact 
that       , the last equation can be rewritten as follows 
             ( )       ( ) 
 
(14) 
By definition,      (     )      and considering (14) for         we have 
[
     ( )
 
     ( )
]    ( )    ( )  
Therefore,  ( ) is the pseudo-state vector of system (5). In addition, it is obvious from equation system 
(13) that for          we have   
( )( )     
( )
     ( )     
( )( )      
( )
  Therefore,  ( ) satisfies 
the initial conditions (6). 
For the second claim we have to assume that   (       )  is the pseudo-state vector of 
system (5) with the initial conditions (6). The equation system (13) is valid in this case too, and therefore 
it follows that   is the pseudo-state vector of system (7) with the initial conditions  ( )( )  .    
( )
/  
.   
( )
/         ⌊  ⌋ whenever     and  ( )  (    )     
( )
for      . Finally, an application 
of Lemma 2 reveals that  ( )( )  .    
( )
/    in the other cases, and it completes the proof. ∎ 
B. Stability 
In this subsection a necessary and sufficient condition is established for the asymptotic stability of 
system (5) with  ( )   . 
Theorem 2. The fractional-order linear system (5) with  ( )    is asymptotically stable for different 
orders   , if and only if there exists a Hermitian matrix    
    such that 
(    ̅ ̅)
 
    (    ̅ ̅)   ,
 
(15) 
in which       with   (    )    holds, and   is defined in (11).  
Proof. It can be easily concluded that since the fractional orders                  are different 
from each other, then       . Therefore, It follows from Lemma 4 that the fractional-order system 
(7) is asymptotically stable if and only if there exists a positive definite Hermitian matrix        
     such that (15) holds, and since, according to Theorem 1, the pseudo-states of original system (5) 
are in the subset of system (7) pseudo-states, asymptotic stability of (7) results that of the system (5).  
For the proof of necessity we suppose that system (5) is asymptotically stable and system (7) is not 
asymptotically stable, that means there is at least a    ( )     that does not tend to zero as    . So it 
is a divergent or an oscillatory signal. According to the structure of matrix  , since      (   )  
  
 
   ( )    ,   (   )( )     is correspondingly a divergent or an oscillatory signal. Repeating this 
procedure concludes the instability of    ( )    ( ), which contradicts with the initial assumption of 
stability of system (5), and it completes the proof. ∎ 
C. Stabilization 
The main purpose of this subsection is to design a fixed-order dynamic output feedback controller that 
asymptotically stabilizes FO-LTI system (5). Hence, the following controller is presented 
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(16) 
with   ( )  (   ( )    ( )      
( ))
 
    , in which    is the arbitrary order of the 
controller, and   ,   ,   , and    are the controller unknown parameters with appropriate dimensions. 
The resulting closed-loop augmented FO-LTI system using (5) and (16) is as follows 
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where 
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(18) 
Next, a stabilization result is established. 
Theorem 3. Considering closed-loop system in (17), if a positive definite Hermitian matrix      
 (    ) (    ) in the form of 
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       
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
(19) 
alongside with matrices  ,          exist in a way that 
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
(20) 
where       with   (    )    holds, then, the dynamic output feedback controller parameters of 
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(21) 
make the FO-LTI system in (5) asymptotically stable. 
Proof. It follows from Theorem 1 that the closed-loop FO-LTI system (17) is asymptotically stable if 
there exists a positive definite Hermitian matrix         (    ) (    ) such that 
(    ̅ ̅)    
     (    ̅ ̅)   

(22) 
where 
     (         *                   +)

(23) 
in which   is defined in (4). By some manipulations, it can be easily concluded that 
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
(24) 
where  ,  , and   are defined in (11) and (12). According to (22) and (24), and assuming matrix 
      (    ) (    ) in the form of (19), the inequality (22) can be written as follows 
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The matrix inequality (25) is not linear due to several multiplications of variables. Therefore, by 
linearizing change of variables as  
     (     ̅  ̅̅ ̅)       (     ̅  ̅)      (     ̅  ̅̅ ̅)       (     ̅  ̅) 

(26) 
            in (25) can be rewritten as 
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(27) 
which makes (25) equivalent to inequality (20), and it completes the proof. ∎ 
 
Remark 1. The stability checking method proposed in Theorem 2 is based on the greatest common 
divisor of plant orders however; available method in [17] is based on the least common multiple of the 
denominators of plant orders, which often leads to high-order characteristic equations. Therefore, only 
for some specific cases checking the stability of different-order FO-LTI system (5), is of same degree of 
difficulty for both methods and otherwise our proposed method is easier to check. 
Remark 2. In Theorem 3, control parameters are obtained by finding a suitable block-diagonal positive 
definite matrix  , which can potentially result in conservatism of the problem. 
V. SIMULATION 
In this section, some numerical examples are given to validate the effectiveness of the derived results. 
In this paper, we use YALMIP parser [32] and SeDuMi [33] solver in Matlab tool [34]. 
A. Example 1 
Consider system (5) with the following parameters 
  [
     
      
    
]                         

(28) 
According to the stability criterion proposed in [19], characteristic equation of above system is as 
follows 
                                               

(29) 
The roots of characteristic equation (29) along with the stability boundary       are depicted in Fig. 
1. It can be concluded from [17] that the system (28) is unstable since not all of the roots of equation (29) 
satisfy the condition |    ( )|      , in which       . The same conclusion can be drawn from 
proposed Theorem 2 with a relatively simpler method. The eigenvalues of   and stability 
boundaries      , with         are demonstrated in Fig. 2. According to Lemma 3 and Fig. 2, the 
system     ( )    ( ) is unstable for    (    (        )), since not all of the eigenvalues of   
  
 
are located on the left side of         boundaries. Subsequently, according to Theorem 2, system (5) 
with the parameters in (28) is unstable. 
Since the characteristic equation (29) is of order 372 and             , checking the 
arguments of eigenvalues of   is far easier than checking the arguments of roots of characteristic 
equation (29). 
 
Fig. 1. Roots of characteristic equation (29) and stability boundaries       with        for the system of Example 1. 
 
Fig. 2. The eigenvalues of   and stability boundaries      , with         for the system of Example 1. 
 
B. Example 2 
Sallen–Key filters are one of the most common and well-known filters especially because of their 
simplicity [35]. The conventional Sallen–Key family is used to implement second-order active filters by 
utilizing two integer-order capacitors and one operational amplifier (op-amp) [36]. In addition, because of 
the importance of these filter family, fractional-order type of them is also generalized in the presence of 
the extra fractional-order parameters The transfer function of the fractional-order Sallen–Key filter 
illustrated in Fig. 3 is given as follows [36] 
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(30) 
where           are the fractional orders of capacitors. 
Vin
Vout
R1 R2
R4
R3
C2 α2
C1
α1
 
Fig. 3. Fractional order Sallen–Key filter [36]. 
The stability analysis of Sallen–Key fractional-order filters was investigated in [36] by drawing 
stability contour for the filter at different combinations of the characteristic equation parameters. In this 
example the Sallen–Key filter stability with two fractional-order capacitors of different orders (     ) is 
checked using proposed Theorem 2. Numerical values of elements of fractional-order Sallen–Key filter 
are considered as           ,           ,             ,        ,        , and 
(     )  (         ), using which the pseudo-state space system (5) with the following parameters 
can be obtained. 
  0
              
             
1    0
 
 
1    ,       -                

(31) 
According to the stability criterion in [17], characteristic equation of above system is as follows 
                                

(32) 
The roots of characteristic equation (32) and the stability boundary       are depicted in Fig. 4. It 
can be concluded from [17] that the system (31) is asymptotically stable since roots of equation (32) 
satisfy the condition |    ( )|      , in which       . The same conclusion can be drawn from 
proposed Theorem 2 The eigenvalues of   and stability boundaries      , with         are 
demonstrated in Fig. 5. According to Lemma 3 and Fig. 5, the system     ( )    ( ) is stable for 
   (    (     )). Subsequently, according to Theorem 2, system (5) with the parameters in (31) is 
asymptotically stable. Since the characteristic equation (32) is of order 195 and         , 
checking the arguments of eigenvalues of   is far easier than checking the arguments of roots of 
characteristic equation (32), which is obvious from Figures 4 and 5. 
  
 
 
Fig. 4. Roots of characteristic equation (32) and stability boundaries       with        for the system of Example 2. 
 
 
Fig. 5. The eigenvalues of  and stability boundaries      , with         for the system of Example 2. 
 
C. Example 3 
Dynamic output feedback stabilization problem of the fractional-order system (5) is considered with 
the following parameters 
  0
  
    
1     0
 
 
1     ,   -               

(33) 
The eigenvalues of   and stability boundaries       , with        are demonstrated in Fig. 6. 
According to Lemma 3 and Fig. 6, the system     ( )    ( ) is unstable for    (    (       )), 
since not all of the eigenvalues of   are located on the left side of         boundaries. Thus, according 
to Theorem 2, system (5) with the parameters in (33) is unstable. However, according to Theorem 3, it 
can be concluded that this fractional-order system is asymptotically stabilizable utilizing the obtained 
dynamic output feedback controllers of arbitrary orders in the form of (16), tabulated in Table 1. The 
eigenvalues of     are located in stability region which is depicted in Fig. 6. According to Theorem 3, 
stability of     implies the stability of    . Fig. 7 shows the time response of open-loop system and the 
resulted closed-loop system of form (17) via obtained controllers with      and  , from which it is 
  
 
obvious that all of the closed-loop system pseudo-states asymptotically converge to zero. It can be 
concluded that, the obtained dynamic output feedback controllers, have more appropriate control actions 
compared to that of the static controller of     . 
 
TABLE 1. CONTROLLER PARAMETERS OF EXAMPLE 3 OBTAINED BY THEOREM 3 
               
0 0 0 0 1.28 
1 -21.78       2.46 1.20 
2 0
          
           
1 0
     
     
1 ,          - 1.14 
 
 
 
Fig. 6.  The eigenvalues of  ,    , and stability boundaries       , with        for the system of Example 3 with    
 . 
 
Fig. 7. The time response of the open-loop (red) and closed-loop system in Example 3 via obtained output feedback 
controllers with      (black),      (blue). 
  
 
VI. CONCLUSION 
In this paper using an appropriate linear matrix function, a single-order equivalent system for the given 
commensurate- different-order system is introduced through which a new stability condition has been 
obtained that is easier to check in practice compared with the conditions known up to now (Theorem 1 
and 2). Then the stabilization problem of FO-LTI systems with different fractional orders via a dynamic 
output feedback controller with a predetermined order has been addressed based on the proposed stability 
criterion (Theorem 3). Eventually, some numerical examples are presented to show the validity of the 
proposed theorems. 
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